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Laplace Transform

* For a given function f (t) with f(t) = 0 for t < 0, Laplace transform of this

function is defined as follows:

F(s) = LIF(D)] = j F(Oestdt
0

s is a complex variable
s=a+jb

f(1) } F(s)

* From differential equations to algebraic equations




Laplace Transform Table
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Laplace Transform Table
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Inverse Laplace Transform

f@) = L7HF(s)]

afi(t) + bfo(t) = L7 aF;(s) + bF,(s)] = aL™ [F1(s)] + bL71[F,(s)]

Y(s) = G(s)U(s)

The objective is to find a projection from Laplace domain to the time domain
There is no systematic method of determining inverse Laplace transform
Derivative vs Integral analogy

Partial Fraction Expansion
-1

L
Y(s) » ()




Partial Fraction Expansion

Re-write Y(s] as a linear combination of terms with known projections

q q-1
Y(s) = dys"+d, s +...+dO= A, . A, . A
-1 _ _ _
sp+cp_1sp +...+c, 7% ST%H > 7%
(g=p)

* Theconstants 4, (i =1, 2, ..., p) are called residues.

e How can we find the values of the residues?




Partial Fraction Expansion

e (CASE 1: Distinct real roots

B N(s)
Vis) = (s+r)s+r) - (s+1n)
Py =Ly A2 A whered; = lim (Y(s)(s +7))

s+r, Ss+n S+ 1,




Example

2(s+3)

Y(s) =
(s+1)(s+6)(s+2)

Partial Fraction Expansion
Ay A Az

V) = 1 576 T5+2
Ay = lim {Y(s)(s + D} = lim { s i(;);? 6)} = 0.8
Az = lIm (Y (s)(s + 6)} = sl—i>IP6{ G er(f;(rs”? 2)} =—0.3
5 = Jm () + 2} = Jim i(f);‘? 5} =0




Example

2(s+3)
(s+1)(s+6)(s+2)

Y(s) =

Partial Fraction Expansion
0.8 0.3 0.5

Y = — —
() s+1 s+6 s+2

v

y(t) = 0.8e7t — 0.3¢7% — 0.5¢7%




Example

 Direct calculation of residues

Partial Fraction Expansion
A Ay Az

Y(s) = + +
(s) s+1 s+6 s+2

2 +3)=A1(s+6)(s+2)+A,(s+1)(s+2)+A3(s+ 1)(s+ 6)

A1 +A2 +A3 =O

A 7A; = 2
8A1 + 3 2 + 3 :> Al — 0_8,A2 — —03’ A3 = —0.5

12A1 + 2A2 + 6143 —_ 6
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Partial Fraction Expansion

 CASE 2: Distinct complex roots
s+1

Vis) = s(s?+4s+5)

* All coefficients are real numbers -> complex roots appear as conjugates

Ay Ays + As
Y(s)=—+
(s) s Ss244s+5

(s+1)=A:;(s?+4s+5) + (4,5 + A3)s

A1+A2=O

44, + Az = 1
1+ A3 m) A1 =02,4;=-02,A43=02

5A1=1
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Partial Fraction Expansion

s+ 1

Yis) = s(s2+4+4s+5)

* All coefficients are real numbers — roots appear as complex conjugates

0.2 —-02s+0.2 0.2 0.2(s + 2) 0.6
Y(S) —_ -+ > = — 5 + >
s s“4+4s+5 s (s+2)%¢+1 (s+2)+1

Notethats? +4s+5=(s+2)*+1

4

y(t) = 0.2e(t) — 0.2e ?t cost e(t) + 0.6e 2t sin t £(t)

y(t) = 0.2 —0.2e 2t cost + 0.6e"?!sint fort >0
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Partial Fraction Expansion

 CASE 3: Repeated real roots

N(s)
Y(s) =
(s +r)P(s + rp+1) e (s + 1)
Ay A, Ay Apy A,

Y(s) = + + ot + +ee

() (s+r)?  (s+nr)pr1 s+r S+Tp4 s+,

Ay = lim {Y(s)(s + 1)} Ay = lim {Y(s)(s + 1)}

d o
A, = Sl_l)g {E [Y(s)(s + rl)p]} i=p+1,..,n

) 1 di—l .
A; = lim { . = [Y(s)(s + rl)P]} i=12,..,p
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Partial Fraction Expansion

 CASE 3: Repeated real roots

N(s

Y(s) = ()
(s + rl)p(s + Tp+1) (s + 1)
A A A A A
Y(s) = ! + 2 — + .- 4 P + p+1 4oee n
(s+r)P  (s+1r)P s+r s+1p4 s+,
tp_l tp—Z
y(t) = A e " + A4, e b 4. 4 Ape_rlt + Ap+1e_7”p+1t + -+ Ay et

(p —1)! (p — 2)!
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Example

N — s+ 1
) = S G+3)

Partial Fraction Expansion
A A A
1 M2 4
(s+2)2% s+2 s+3

Y(s) =

A = hm {Y(S)(S +2)%} = 11m {(s 13)

(s + 1)} 1

d 2
2 = Jim, (V)5 + 2071 = Jim fo=as

I=2

Az = lim {¥(5)(s +3)} = hm{ s+ }=—z

s—>=3 (s + 2)?
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Example

_ s+ 1
) = S G+3)

Partial Fraction Expansion
1 N 2 2
(s+2)%2 s+2 s+3

v

y(t) = —te %t +2e72t —2e73t fort = 0

Y(s) = —
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Partial Fraction Expansion

What if g = p, that is to say numerator and denominator have the same order?
* Re-organize the expression as follows:

N(s)

Y(s) = A+ D(s)
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Example

s(s+3)

Y(s) =
(s+1)°

Partial Fraction Expansion

s—1 A A
Y(s) =1+ ! z

=1+ +
(s + 1)2 (s+1)2% s+1

Ay = lim {Y(s)(s + 1)?} = lim {s — 1} = -2

4= tim LS (s + D2} = lim (1) = 1

2 N 1
(s+1)?% s+1

Y(s)=1-

By =80 —2tet+et fort >0
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Example: Exponential terms

-25s
Y(s) = 5—
s +4s+5
Inverse Laplace Transform
—2s e
Y(s) = 5— = ¢ Y (s)
s +4s+5
—1

Y, (s) = ! = ! L—) y(t) = ¢ 'sint >0

S +ds+5  (s+2)7+1

2(t—

y(£) = y,(t-2) = ¢ " Psin(r-2) 22
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Example: LTI Systems

v+ 2y+ 5y =5u y(0)=y(0)=0

Calculate the unit step response

5

S +25s+5

G(s) = U(s) = %

Y(s) = 5 :é+ Bs+C

s(s+2s+5) 5 (s+1)7+2°
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Example: LTI Systems

Partial fraction expansion

5 = A(s"+25+5) + (Bs + C)s

s . 0= A+8BHB A=1

s' 0 0=24+C N B=-1

0

s . 5 =5A C=-2
s+ 2 (s+1) 1 2

= + —
(s+1)°+2°  (s+1)"+2° 2(s+1)"+2°
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Example: LTI Systems

Partial fraction expansion

yisy = L___s+1 1 2

So(s+ 1) 420 Z(s+1) 427

y(t) = 1- e_t(COSZt + %sin2t) t=>0
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Linearization and Transfer Function

* \What if the system is nonlinear?
* Transfer Function concept works for LTl Systems — Linearize around an

equilibrium point

¥+2x+3x2=u  x(0) = %x0) =0

u=0x=20

X+2X = u x(0) = x(0) =0

X(s) _ 1
U(s) s(s+2)
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Linearization and Transfer Function

* \What if the system is nonlinear?

* Transfer Function concept works for LTl Systems — Linearize around an
equilibrium point or redefine variables

V+2y+3 = u
u(t) = u(t) -3
V+2y = u
Y(s)

U(s)

y(0) = y(0) =
y(0) = y(0)
1
s(s+2)

0

0
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Inverse Laplace Transform via Convolution

t

V() = ult) * g(8) = g (&) * u(t) = f w(D)g(t — D)dr

0

L{u(t) » g(t)} = L{u(®)}L{g ()}

L7HU(S)G()} = u(®) * g(¢)
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Example

Y(s) = 1 B 1 1
> (524 1)2 s241s2+1

Inverse Laplace Transform

sin(a) sin(b) = % [cos(b — a) — cos(b + a)]

1
Lisin()e()} = 7
t

t
y(t) = sin(t)e(t) = sin(t)e(t) = j sin(7) sin(t — 1) dt = %f[cos(Zr —t) — cos(t)]dt
0

0

— = tcos(t)

sm(ZT— 1" 1 [sin(t) sm( t)
=[5,

——tcos(t) =213

1y (t) 1t t
= sin > cos(t)
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Projection between Time and Laplace Domains

-
u(t) . . . y(t)
Time Domain ) Dlﬁerf_lr_wltgsigt;stlons )
(N J
L @ ﬁ -1 YO =u®*g®
4 U v N
Laplace Domain (S)_> Transfer Function 5) )
G(s)
- J

Y(s) = U(s)G(s)
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